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Abstract. J. Nash proved in [7] that the geometry of any Riemannian manifold M 
imposes no restrictions to be embedded isometrically into a (fixed) ball B^n (1) of the 
Euclidean space M.^ . However, the geometry of M appears, to some extent, imposing 
restrictions on the mean curvature vector of the embedding. 

1. Introduction 

In 1956, John Nash in a celebrated article [7], proved that any complete n-dimensional 
Riemannian manifold M can be isometrically embedded in a ball Brjv(1) of the Euclidean 
space M.^ of radius 1 with A'' = n(n + l)(3n + ll)/2. Although the geometry of M does not 
impose restrictions on the existence of an isometric embedding if : M ^ i3Rjv(l), it does 
impose restrictions on the mean curvature vector of ip. That is expressed in the following 
theorem. 

Theorem 1.1. Let (p : M ^ Brn{R) C be an isometric embedding of a complete 
n-dimensional Riemannian manifold into the Euclidean space M.^ . Then 

sup||H|| > n/R- X*{M) ■ R/2 

M 

Where A* (M) is the fundamental tone of M given by 

X*iM) = inf| y^{'' , / e H'.iM) \ {0} 

H~ tra is the mean curvature vector and a is the second fundamental form of ip. 

This result or rather its proof was already given in the literature, for instance in [2], [3], 
[4] , [6] but these restrictions on the mean curvature vector of Nash embeddings was never 
observed. 

2. Proof of Theorem 11.11 
Theorem 11.11 is an application of the following variation of Barta's Theorem [1] . 

Theorem 2.1. Let M be a complete Riemannian manifold. Let f be a positive smooth 
function on M. Then X*{M) > infM(-A///). 

The proof of Theorem 11.11 is as follows. Let (p : M ^ Sh«(1) C be an isometric 
immersion. Let g : M defined by g = {R^ — p^)/2, where p is the distance function in 

to the origin. Define f = g o ip : M ^ R. Observe that / > thus by Barta's Theorem 
we have that A*(M) > infM(— A///). To compute A/ we use the following formula proved 
by Jorge-Koutrofiotis in . 

n 

(2.1) A/(y) = ^Hessg((p(2/)(e„e,) + (grad^, i/)(^(y)) 
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where {e^} is an orthonormal basis of TyAI identified with {dLp{y)ei} . 

Choose a basis {ei\ as follows. Let {gradp, 9/96*1, . . . d/dM-i] be a polar basis for T^(^y-^M.^ 
and let ei — (ei, grad/9)gradp + (ei, gradp-'-)gradp^ and 62, ... , e„ e {d/d6i, . . . d/diy-i}- 
With this choice we obtain 

n 

A/ = ^Hessg(ei,ei) + (grad5,iJ) 

1=1 

= 5"(ei,gradp)2 + ^ (ei, gradp-L)^ + g' + g' {gra^d p,H) 

P P 

= (.9" - -)(ei,gradp)2 + + ^'(gradp, if) 

= -n - p{gia,dp, H). 
From this we have 

We may assume that sup^^ ||ij|| < 00, otherwise there is nothing to prove. We have then 
A*(Af)>inf(-A///)>|-a^^^P^ 

Therefore 

(2.3) sup \\H\\ > n/R- X*{M) ■ R/2. 

M 

If we consider the mean curvature function H defined by H— n-H- V , where V is unit vector 
normal to the submanifold, the inequality (|2.3p becomes sup^,^ \H\ > 1/R — A*(M) • R/2n. 

Remark 2.2. The hyperbolic n-space H"(-l) has A*(H"(-1)) = [n - 1)2/4. Thus it can 
not be embedded (immersed) minimally into a ball Bj^wcn) (1) for n = 2, . . . , 9. 
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